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EXTINCTION BY RANDOMLY ORIENTED, AXISYMMETRIC PARTICLES

INTRODUCTION

The only experimental technique that permits systematic studies of

single-particle extinction is the microwave analog method. The particle

analog, a microwave target, can be arbitrarily oriented with respect to the
incident beam so that E;XT, the extinction cross section averaged over a dis-

tribution of particle orientations, can be obtained as the (weighted) arith-

metic mean of CEXT, the orientation dependent, single-particle extinction.

In a previous paper (Wang and Greenberg, 1978), the orientation dependence

of CEXT for 25 spheroids of aspect ratio 2:1 was presented in the form of P,Q

plots (defined in a later section). In this report, the average extinction

efficiency, ýE`XT = C-xET/G (G = an appropriate geometric cross section), for

each spheroid is evaluated for a random distribution of particle orientations.
To increase this unique and fundamental data base, 24 similarly averaged

extinction efficiencies recently obtained by Schuerman et aZ. (1981) are

included in the present discussion. The additional results were obtained by

the microwave method and by the spheroid theory of Asano and Yamamoto (1975).
They correspond to eight 2:1 spheroids (measured results, two of them also

computed), four 4:1 disks (measured), four 4:1 cylinders (measured) and eight

4:1 spheroids (computed). All particles have axial symmetry, which facili-

tates the evaluation of CEXT. The effects of particle size, and refractive

index on CEXT are best shown by plotting EQxT against the phase-shift parameter

of each particle. These plots are compared to extinction curves from Mie

theory and to recent theoretical results of Asano and Sato (1980).

DEFINITIONS OF EXTINCTION EFFICIENCY

There are a number of ways in which the extinction cross section can be

normalized to define the "extinction efficiency." In most of our former pub-

lications, the circular geometric cross section perpendicular to the rotation
axis of a particle was taken as the normalization area. This simple definition

provides a clear transition to experimental results of cylindrical particles.

As theoretical methods became available for more complex particles and for the

taking of averages over particle orientation, two more size parameters, and

5



hence their normalized cross sections, were introduced (Greenberg et al., 1961;
Wang et al., 1977; Wang and Greenberg, 1978; Asano and Sato, 1980). They are

the volume-equivalent size parameter xV = 2vav/x and the surface-area-equivalent
size parameter xS = 2aSs/A. The aV and as are the radii of spheres having re-

spectively the same volume and the same surface area as the nonspherical parti-
cle. The random average of the projected area of any convex particle is equal
to 1/4 of its total surface area (van de Hulst, 1957), or equivalently, to the

2geometrical cross section Gs(=ras) of the equal-surface-area sphere. Gs is
often used for normalization, and the resulting ýE-XT is denoted by QEXTS If
instead, the geometric cross section GV of the equal-volume sphere is used, it

is denoted by QEXT,V" These two extinction efficiencies are obviously related

by:

GSQExT,S = GvQExT,V CEXT. (1)

The often raised question, "what is the most appropriate size parameter to

describe the extinction produced by an arbitrarily oriented, nonspherical par-

ticle?" will remain as the subject of future study. We simply present two ways

(equation 1) of representing the effect of particle size on extinction and point
out that, at least for the size/shape range investigated here, more straightfor-

ward yet interesting extinction pictures are visualized if one chooses GV. This

selection has the further advantage of well describing lossy particles in the
Rayleigh region where the extinction is primarily proportional to the particle

volume.

TARGET PARAMETERS

Table 1 shows the target parameters as well as the TEXT' for 33 spheroidal

ar.,log particles of aspect ratio 2:1. The first 15 microwave targets described
in that list were molded out of expandable polystyrene. In the next 10, the

polystyrene was mixed with 2.5% carbon dust to introduce absorption. The re-
fractive indexes of these 25 particles resemble that of water or dirty ice in

the optical spectrum. P,Q plots which display the subtle orientation dependence

of extinction of these 25 particles were included in a former report (Wang and

Greenberg, 1978) and provided the data base from which the QEXT's were calcu-

lated. The last eight spheroids in table 1 were machined from an acrylic mate-

rial (lucite) and have m = 1.61 - iO.004. They simulate silicate particles in

6
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Table 2. Target Parameters and Extinction Efficiencies, Averaged
Over Random Particle Orientations, for

Axisymmetric Particles of Aspect Ratio 4:1

a - semi-axis perpendicular *, the axis of rotation; b = semi-axis or ½ length
along the rotation axis; - = 2wa/X; X = 3.1835 cm; m =m' - im" = complex
refractive index = 1.61 - iO.004 for all particles; p = 2x(m'-l); QT = extinc-
tion efficiency averaged over random orientations - three significant figures
for experimental values and four for theoretical. Quantities referring to the
radius or geometric cross section of equal-az'faae-area and equaZ-voilw spheres
are suffitel by S and V. respectively.

Description a(cm) b(cm) xS PS QEXT,S Xv PV QEXT,V

Cylinder 0.785 3.141 3.288 4.011 2.71 2.816 3.436 3.69

Cylinder 0.964 3.856 4.036 4.924 3.09 3.457 4.218 4.21

Cylinder 1.204 4.818 5.043 6.152 3.80 4.320 5.270 5.18

Cylinder 1.457 5.828 6.100 7.442 3.67 5.225 6.374 5.00

Prolate Spheroid 0.928 3.712 3.288 4.011 2.817 2.907 3.546 3.604

Prolate Spheroid 1.139 4.556 4.036 4.924 3.356 3.568 4.353 4.294

Prolate Spheroid 1.423 5.693 5.043 6.152 3.811 4.459 5.440 4.875

Prolate Spheroid 1.722 6.887 6.100 7.442 3.649 5.394 6.581 4.667

Oblate Spheroid 2.213 0.553 3.288 4.011 2.385 2.752 3.357 3.404

Oblate Spheroid 2.717 0.679 4.036 4.924 2.721 3.378 4.121 3.884

Oblate Spheroid 3.394 0.849 5.043 6.152 2.732 4.220 5.148 3.902

Oblate Spheroid 4.106 1.026 6.100 7.442 2.944 5.105 6.228 4.203

Disk 1.924 0.481 3.288 4.011 2.47 2.738 3.340 3.56

Disk 2.361 0.590 4.036 4.924 2.89 3.360 4.099 4.17

Disk 2.950 0.738 5.043 6.152 2.76 4.199 5.123 3.98

Disk 3.569 0.892 6.100 7.442 2.39 5.080 6.198 3.45

9



the optical region. Their extinction efficiencies were recently measured or,

in the two cases denoted by asterisks, computed by Schuerman et at. (1981).
The averaged extinction efficiencies for 16 additional axisynmnetric

particles are listed in table 2, together with their target parameters.

These four cylinders, four disks, four prolate spheroids, and four oblate

spheroids have the same aspect ratio (4:1) and the same index of refraction

(1.61 - iO.004). The cylinder and disk data are the microwave results; the

spheroid data are from theoretical computations (Schuerman et al., 1981).

These particles were added to include more elongated/flattened particles, as

well as to increase the range of the phase shift parameter (pv). These 16

particles correspond to the range 3.3 < pV < 6.6 compared to 0.8 < PV < 6.0

for the 2:1 particles. In the latter group, the higher p. values are sparsely

populated.

AVERAGING THE 0=0 SCATTERING QUANTITIES
OVER RANDOM PARTICLE ORIENTATIONS

CT is a simple average of orientation-dependent extinctions, but measuring

the single-particle extinction for each member of a large sample of particle

orientations is a time consuming enterprise. For particles with an axis of sym-

metry, an equivalent average can be obtained in a much simplified manner (Wang

and Greenberg, 1978). The symmetry axis needs only be swept through 900 from

the incident f 0 direction in two mutually orthogonal planes, the k-E plane and

and the k-H plane, that contain the tot 0 and the to, ao0vectors of the incident

wave, respectively (see figure 1). At any other arbitrary particle orientation

ix, qo), where x is the tilt angle of the axis from t and * is the azimuth angle

around to, all matrix elements of the e=O complex scattering amplitude (van de

Hulst, 1957) are linear compositions of those obtained in these two orthogonal

planes (Wang, 1968):

S(* = SE(X) COS2* + SH (Xsný+ i [S(X)COS2* + S ( x)sin2j

S2(X,) = S E(x)sin2E + SH(x)Cos2 + i E (x)sin2 + S(x)COS2* , (2)

S3(X,0) = S 4 (Xi,0)= [SH(x)-SE(x)] cosipsinýp + i FSH(x)-SE(x)] cosisiRnj ,

10



where SR(x)and SI(x) are respectively the real and imaginary part of the

complex, e=O scattering amplitude when the symmetry axis is in the k-E plane,

tilted by x from o SH(x) and SH(x) are those in the k-H plane.

X

Target Symmetry

Axis

E
-. k

E, / r .

0

z
Ho

Figure 1. Target-Orientation Angles (x, *), Scattering Angle (8),
and the Geometry of Scattering.

The extinction cross section CEXT(X, i) at each orientation follows from

equations (2) and the Optical Theorem:

4• ~ ~ 4•Hx)sin2,
CEXT k2 Re {Si(xU)M = SExCOS21 + IRnR

(3)
= CExT(X)COS2 + CHxT(x)sin2*,

Here again superscripts E and H denote whether the symmetry axis is in the k-E

or k-H plane. CEXT, the average of CEXT(X,*), is then obtained as

CEXT =iJ Cfd 1 EEXT(X)+CEXT(X)H sinxdx • (4)

11



4:1 CYLINDER , P 4:1 DISC

kk

Jo,

30

E 
to

-5 -5!

Figures 2A and 2B. P,Q Plots of a 4:1 Circular Cylinder (A)
and 4:1 Circular Disk (B).

The two P,Q plots display the target orientation dependence (x, in deg.) of

the complex forward-scattering amplitude S(O) for two axially symmetric par-

ticles. The two curves in each plot are generated by sweeping the particle

axis through 900 from the incident direction t0(x=0 0) toward the to and A 0

directions in two orthogonal planes, the k-E and the k-H plane of the incident

wave, respectively. A vector drawn from the coordinate origin to any point

along the curve gives S(O) at that particle orientation, while the projection

of the same vector onto the calibrated Q-axis yields the extinction efficiency

QEXT,V = CEXT/la . The magnitude of the forward-scattering amplitude, IS(0)I,
at any orientation can be determined by comparing the length of its vector to

that Of S(0)H = S(1-'w) whose magnitude is shown in each graph. The target

parameters and the average extinction efficiencies are respectively: (figure

2A) xV = kav = 4.320, m = 1.61-iO.004, QEXT,V = 5.18; (figure 2B) xV = kaV =

4.199, m = 1.61-iO.004, TEXTV = 3.98.

12



Two P,Q plots, obtained by the microwave technique, are shown in figures

2A and 2B. They respectively refer to the third cylinder and the third disk

listed in table 2. Each P,Q plot is a cartesian recording of the complex for-

ward scattering amplitude S(x, *) as a function of particle orientation. The

particle axis is swept from the incident to direction (x=O) to the incident to
or Af0 directions (x=-/ 2 ) in the k-E plane (j-=0) and in the k-H plane (*=w/2)

to generate the double curve in each figure. A vector drawn from the coordi-

nate origin to any point on the curves represents S,(x,O or n/2). Its abso-

lute magnitude can be found by comparing the length of this vector with that of

IS(O))H = ISi(j'j)I shown in each figure. The tilt of the S, vector from the

P-axis is the phase-shift *(O) of the e=O scattered wave at this particle ori-

entation, and the projection of this vector onto the Q-axis gives the extinc-

tion efficiency. Both the P and Q axes are calibrated in units of QEXTV for

the particle under investigation. (see also Wang, 1980)

The numerical integration over x for the evaluation of the random average

is accomplished by Simpson's rule with ax = 50 in all experimental cases. The

P,Q plots for cylinders and disks contain curves- rich in loops and cusps, but

it is our experience that 50 increments in x produce errors which are small

compared to other experimental errors. Most of the older spheroid data,

obtained before the target orientation process was automated (Schuerman et aZ.,

1981), were taken with AX = 100 (AX = 300 for very small particles). The larger

increments were mandated by the slower, manual operation of target orientating;

the data had to be obtained before susceptible null-drift (Wang, 1968) occurred.

In such cases, the missing CEXT data points were filled in by a third order

Aitken-Lagrange interpolation technique (Todd, 1967).

RESULTS AND DISCUSSION

It is impossible to combine the three factors of size, shape, and index

of refraction into a single, independent variable that uniquely describes the

full range of resonant extinction phenomena. This impossibility prevails even

when the shape factor is degenerate, as in the case of spheres. Nevertheless,

the use of a single independent variable is a useful, though approximate, method

of describing salient features of the extinction curve. The first to define

such a variable - the phase-shift parameter pV = 2xV(m-1) - was van de Hulst

(1946, 1957) in his anomalous diffraction theory of extinction. The undeviated

but phase-shifted rays passing through the particle form a modified wave-front

13



in the shadow of the particle which interferes with the incident ray to produce
resonance phenomena in extinction. The quantity pV is the phase shift suffered

by the diametrically transmitted ray with respect to the unperturbed incident

ray. This approximation theory is known to predict the general futures of

QEXT,V '8. PV curves. The approximation does yield some errors: (a) all
spheres possessing the same pV have identical QEXTV' (b) there are no minor
ripples in the extinction curve, (c) the value of QEXT may have an error of up

to 30% near the resonance peaks, and (d) the shift in peak extinction is under-
estimated as the particle absorption increases. While these numerical deficien-

cies can now be easily removed by employing rigorous Mie solutions instead of

the original approximation formula, the essential physics of the extinction phe-
nomena is still governed by the single parameter, pV. Its use has been extended

to cases of nonspheres on numerous occasions (Greenberg, 1960, 1968; Greenberg,
et aZ., 1961, 1963, 1967, 1971; Wang 1980), and that practice will be continued

here.
The dependence of QEXTV on PV for the 49 axisymmetric particles listed in

tables 1 and 2 is plotted in figure 3. Different synmols are used to identify

11 distinct refractive-index and target-shape groups. A nunber of conspicuous

features appear on this plot:

(1) Randomly-oriented, axisymmetric particles do exhibit resonance

extinction with respect to variations in PV, with the largest m = 1.27,
2:1 prolate spheroid being the sole exception.

(2) The first major resonance is noticeably broadened. For spheroids,

the greater the aspect ratio, the broader the peak; sufficient data

do not yet exist to test this trend for other shapes.

(3) For the 2:1 spheroids, the magnitude and location of the resonance

are not much different from those predicted by tie theory for spheres

possessing the same refractive index if the minor ripples for the

latter are ignored. The prolate peak is somewhat higher and shifted

toward higher pV"
(4) Beyond the first major resonance, all particles obscure the incident

light more efficiently than spheres of the same pV' a feature also

observed for rough particles (Wang, 1980).

(5) Beyond the first major resonance for spheres, the extinction is

strongly dependent on the aspect ratio as well as on shape. The
greater the aspect ratio, the larger the QEXTV and the larger is
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m=I.61-iO.004
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m=1.33-iO.0

•• m=1.33-iO.O

5 6 7 8

Figure 3. QEXT,V ve. p. Plots for 49 Axisymmetric Particles.

2:1 spheroids with low refractive indexes Particles with m = 1.61-iO.004
o mi1.11-iO.003 prolate spheroids (silicate like)
0 mfl.27-iO.005 prolate spheroids A 4:1 cylinders
- mn=1.37-iO.005 prolate spheroids P 4:1 prolate spheroids
0 mal.33-iO.05 prolate spheroids + 2:1 prolate spheroids
* m=1.33-iO.05 oblate spheroids X 2:1 oblate spheroids

The continuous curves are for spheres. 0 4:1 oblate spheroids
V 4:1 disks

the PV at which the extinction peaks. It is curious that the 4:1

oblate spheroids produce a shoulder in extinction near pV = 4.5

which is absent for the 4:1 disks.

(6) For 4:1 particles, prolates (elongated particles) dim the incident

light more efficiently than oblates (flattened particles) beyond

the resonance in the range 3.5 < PV < 6.3.

(7) From PV = 4 to PV = 0, the difference in extinction due to shape

gradually diminishes and the particle's volume becomes the most

significant factor in extinction.
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(8) The 2:1 prolate spheroids with m = 1.11 - iO.003 have the smallest

PV for their given sizes. These particles behave like absorbing
.spheres with m = 1.33 - iO.05, a phenomenon also observed for rough

particles of similar refractive index (Wang, 1980).

(9) Although some uncertainties in the refractive index (m = 1.33 - iO.05)

of the small-sized 2:1 spheroids can result in errors in their PV
scale of up to AV = 0.3, these small, absorbing spheroids seem to

behave also like absorbing spheres of higher Relml and Imrml.

Meanwhile, theoretical results on scattering by randomly oriented

spheroidal particles of various aspect ratios have been published by Asano and

Sato (1980). They plotted QEXT, V vs. xV for water-like spheroids, m = 1.33 -

iO.0, with aspect ratios of 1:1, 2:1, 3:1, and 5:1. Their results for oblate

(figure 4A) and prolate (figure 4B) spheroids were cast in the same format as

our figure 3 by our reading of numerical values from their graphs, converting

their Xv s into Pv'S, and plotting their results on a similar scale. A con-

tinuous curve for a single sphere and a discrete plot for size-dispersed

(Hansen-Travis distribution; see references in Asano and Sato, 1980) spheres

have been added to both figures 4A and 4B. Those spheres have m = 1.33 - iO.O.
The overlaying of figure 4A and/or 48 on figure 3 permits a comparison between

the theory and experiment. The above mentioned features (1) through (7) in

figure 3 are also present in figure 4A-4B, notwithstanding the absence of 4:1

spheroids in the latter. The magnitudes and positions of extinction peaks
agree in form with those in figure 3 including the shoulder at PV = 4.5 for
5:1 oblate spheroids. The numerical differences in magnitude are due to

detailed differences in refractive index, shape, and size. Ripples, a charac-

teristic of spherical particles or smooth particles in fixed orientation, are

not present in these extinction curves even though pronounced ripples may appear

for particles of higher aspect ratios or refractive indexes (Barber et al.,

1982).

SUMMARY

Tentative conclusions derived from this research are:

(1) Extinction by nonspherical particles is best discussed in terms of

their volume-equivalent phase-shift parameters, pV"

(2) Randomly oriented, axisymmetric particles distinctly differ from

spheres in their extinction when pV > 4 (i.e., beyond the first
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resonance) and have higher extinction efficiencies per unit volume

than spheres.

(3) For 3 < PV < 6, elongated particles produce more extinction per unit

volume than do flattened ones if both have the same aspect ratio and

refractive index.

(4) Noticeable differences in extinction exist between equally flattened

disks and oblate spheroids; and, in a less conspicuous way, between

a cylinder and a prolate spheroid of the same elongation.

(5) From P< 4 to PV = 0, the effect of shape gradually diminishes as

the particle volume becomes the dominant factor in extinction.

(6) For P< 1.5, low-absorbing nonspheres behave like spheres with

higher absorption.

Although the nunmer of nonspheres in this report is quite limited, lacking

those particles of very large aspect ratio and unusually high refractive indexes,

their extinction may crudely represent that produced by many naturally occurring

parti cul ates.
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